Top Careers & You®

. r ]
> QUADRATIC EQUATION <

GENERAL THEORY OF EQUATIONS

Polynomial equation: A polynomial which is equal to zero is called a polynomial equation. For example, 2x +
5=0,x"—2x+5=0, 2x* - 5x°* + 1 = 0 etc. are polynomial equations.

Root of a polynomial equation: If f (x) = 0 is a polynomial equation and f (o) = 0, then « is called a root of
the polynomial equation f (x) = 0.

Theorem: Every equation f (x) = 0 of n" degree' has exactly n roots.

Factor Theorem: If o is a root of equation f (x) = 0, then the polynomial f (x) is exactly divisible by x — a (i.e.,
remainder is zero).For example, x* — 5x + 6 = 0 is divisible by x — 2 because 2 is the root of the given
equation.

Multiplicity of a Root: If a is a root of the polynomial equation f (x) = 0 then « is called a root of multiplicity r
if (x — o) divides f (x).

For example: In the equation (x + 1) * (x ='2) 2 (2x — 6).= O the root — 1, 2, 3 are of multiplicity 4, 2, and 1
respectively.

Linear Equation: A linear equation is 1* degree equation. It has only one root. Its general form is ax + b = 0
and root is — b/a.

Quadratic Equation: A quadratic equation:in onevariablé has two and only two roots. The general form of a
quadratic equation is ax® + bx + ¢ = 0. This equation has two & only two roots,

_—bi\/b2—4ac

2a
If X; and X, are the roots, then
- — —b+\lb2 —4ac & xio -b —\/b2 —4ac
= 2a F- 2a
NATURE OF ROOTS:
* The term (b® — 4ac) is called the discriminant of the quadratic equation ax® + bX + ¢ and is denoted by

D.
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Rules:
1. if D >0, X; & X, are real and unequal
2. if D=0, X; & X, are real and equal
3. if D is a perfect square, X; & X, are rational and unequal
4, if D <0, X; & X, are imaginary, unequal, and conjugates of each other.
If X; and X, are the two roots of ax?+bX+C=0
then sum of roots = X; + X, = - b/a
and product of roots = X; X, = cla
Deductions:
1. Ifb=0,X;+X,=00r X; ==X,
Converse: If roots of given equation are equal in magnitude but opposite in sign, thenb =0
2. If ¢ = 0, one of the roots will be zero & vice versa
3. ifc=a, X;=1/X,

Converse: If roots of given equation are reciprocal of each other, thenc = a

FORMATION OF EQUATION FROM ROOQOTS:

*,

*

If X; and X, are the two roots then (X — X;) (X — X5) = 0 is the required equation
If (X1 + X3) and Xy, X, are given the equatien-is - X+ X)) X+ X1 X;=0

= X?-SX + P = 0 where S = sum of roots, P = product of roots.

TRANSFORMATION OF EQUATIONS:

Let the given equation be f (x) = ap X" + a;xx" "+ a, X" +....... + a, = 0 having roots oy, oy, 03, 0, Os, ....Cp.
Some simple transformations of this equation are given below :
Sr. | Required nature Reqd . i
Reqd roots . Resulting Equation
No of roots Transformation
Opposite sign —0ly, —0lp, —Ol,.... | PUtX=—Xx a X —axX" +a X" —...+(-1)"a,= 0
2 | Reciprocal 1oy, Loy, Las,.. | Putx = 1/x anX" + ap X" an o X +a3,=0
3 Reciprocal & 1oy, —1la,, an X —an X+ a X —... + (-1)" @ =0
. Put x = —1/x
opp. sign —1log......
4 ao X" +ax" M P+ g, x4 +a,=08&
Square ocz,cxz,ocz... = . . .
d toTee s PUtx =/ Vx then squaring this equation
5 ao X" +ax" M P+ g, x4 +3,=08&
Cubes o, 0., agd =3 ) ) ,
LT Putx'= ¥x then cubing this equation
6 Multiplied b
somfconstim ko, koo, Ko, ... Put x = x/k Ao (XIK)" + ay (XK)" + ap (XIK)"2+...+a,=0

Therefore if ax? + bX + C = 0 is the given quadratic equation then the equation

whose roots are equal in magnitude and opposite in sign is ax> —bX + C=0
whose roots are reciprocals of roots of the given equation is cX* + bX +a =0
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Condition for common roots

The equations a;X* + b;X + ¢, = 0 & a, X* + b,X + ¢, = 0 have

e acommon roots if (c; a, — czal)2 = (b, c;— by cy) (a1 by — @z by)
e have both common roots if a;/a, = bs/b, = c,/c;

Maximum & minimum value of quadratic expressions:
For the quadratic expression ax® + bx + ¢

* If a > 0, the minimum value is —b atx = o
4a 2a
. . -D -b
* If a < 0, the maximum value is — at x = >3
a

eg. i The maximum value of — X* — 5X + 3 is 37/4.

ii. The minimum value of X* — 6X + 8 is (- 1).

NOTE:
* (X=a) (X=pB)>0implies X does not lie betweena andf .

* (X=a) (X=B)<0implies X lie between o and B.

Rule to determine the value of x where f(x) is +ve or —ve:
) = (X+ o) (x=B) (Xx=7)
Q Putf(x) =0 find value of xi.e. o,y

Q Plot the point on integer line in increasing!order. Assign +ve & —ve (starting RHS with +ve alternately
+ve / —ve) as follows:

I I I
—-ve o +ve B -ve y +ve

so f(x) is+ve when x >y & a<x < B andf(x) is—ve whenx<a &B<x<y

NOTE :

* If the sum of two positive quantities is given, their product is greatest when they are equal.

Ex. Given X+Y =30 = Possible (X, Y) are (1, 29), (2,28), (3, 27) .... and so on. Out of all these, the pair
that gives the maximum product will be (15, 15)

* If the product of two positive quantities is given, their sum is least when they are equal.

Ex. Given XY =100 = Possible (X, Y) are (1, 100), (2, 50), (4, 25) ...... and so on. Out of all these, the pair
that gives the minimum sum will be (10, 10).

Complex roots of equations with real coefficients.
If the equation f (x) = O with constant coefficient has a complex root o +if (a,B € R, B #0), then the

complex conjugate o — i would also be a root of the polynomial equation, f (x) = 0.
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Example: Let the equation is x° — 4x + 13 = 0 Here the coefficient are all real numbers.

4i\/126—52 _5 im
~ Xx=2+3iand x =2 -3i .. The roots are complex conjugate of each other.

.. Roots of the equation are x =

Irrational roots of equation with rational coefficients:

If the equation f (x) = O with rational coefficients has an irrational root o + \/E (a,pe Q,Bp>0andis nota

perfect square) then o — \/E would also be a root of the polynomial equation f (x) = 0

Example: Consider the polynomial equation x* = 4x + 1 = 0 Here the coefficient are all rational numbers.

44416-4 | 45412 _ 4123 —2: 3.

.. The roots of the equation are =
2 2 2

CX=2 +\/§ ,X=2— \/5 . The irrational roots has occurred in pair

Example: Consider the equation x* — (2 + J§) X + 24/3 x = 0 The roots of the equation are 2, V3.

Here the roots 2, /3 are not in conjugate pair because all the coefficient of the given equation are not

integers.

Graph of quadratic equation y = ax® + bx_ + c:
Shape of the graph is parabolic

Case . if a is positive : Graph is upwards. Different cases arises are

D=0
One real D>0
root Two real
roots
Xe » X
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Case ll: if a is negative : Graph is downwards. Different cases arises are

A
v

X
X
D<O D=0
No real One real D>0
root root Two real
roots
Deductions:

 Ifthe roots of the equation ax® + bx + ¢ = 0 are imaginary then the sign of the quadratic expression ax” +
bx + c is same as that of ‘a’ for all real values of x:
e The expression ax® + bx + ¢ is always positive, if
D or b’—~4ac <0and a>0.
e The expression ax’ + bx + ¢ is always negative, if
b —4ac <0and a<0.
o Ifk; & k; are the two points such that f(k;) x f (kz) < 0, then at least one root lies between k; and k;

Maximum number of positive & negative roots:

e The maximum numbers of positive real roots jof polynomial equation f(x) = 0 is the number of changes of
signs from positive to negative & negative to positive:

e The maximum numbers of negative real roots of polynomial equation f(x) = 0 is the number of changes of
signs from positive to negative & negative to positive in f (- x).

Note: If there is no change in sign in f (x) & f (- X) then there are no real roots i.e. all roots are imaginary.
Eg: Letf(x) =X +6x°+ 11x — 6 = 0. The sign of various terms are
+ o+ 4+ -

So, clearly there is only one change of the sign in expression f (x) from +ve to —ve. Therefore f (x) has at the
most one +ve real root.
f(x)==x*+6x°—11x—6 = 0.
- + — —
So, clearly there are two changes of the sign in expression f (x) from +ve to —ve & —ve to +ve. Therefore f (x)
have at the most two —ve real roots.

Relation between roots and coefficient of an'equation:

Let oy Oy Olg ....... , o, be the n roots of the equation a o X"+ a; X" +a, x ™™ .... + a,1 X + a, = 0, then
we have the following relations.

Sum of the roots taken one atatime = Y a i€, a;+ az+ ..... + ap=—(ai/ag).

Sum of the roots taken two at atime = Y a ;o= (ay/ap)

Sum of the roots taken three atatime => o ; o2 003= o1 0y Gg+ 0 0z 0Lg+. =—(a3/ Ag)
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Product of the roots = a1 op s . opn={-1"an/ao}
The expression Zal, Zal Ol 2y weerneeneaneareanaannns , Zal O O3 .erens o, are called the elementary
symmetric functions o1, oz, ........ o n.

Relation for guadratic equations: Let o, B be two roots of the quadratic equation ay X2 + a; X + a, =0, then
2o =a+B =—(ar/ag), XZaP =oap =(d/a).

Relation for cubic equations: Let o, B, y be three roots of the cubic equation ag X + a; x> + aXx + az =0,

then, Ya=a+B +y =—(a;/a), 2aP=aPB +By +tya=a/a XaBy=aPy={—a/ay}

Relation of bi-quadratic equations: Let o, B, v, & be the four of the bi-quadratic equation.

ao X' +ay X3+ a, X° + asx + a, = 0, then
Yaza +B +y + 38 =—(a;/ag)
oaB=aB+PBy+yS+da+tay+pS=a/a
2aBy=oaPy+pyd+yda+daP=—(as/a)
YaByd=aPyd=asla

Symmetric functions of the roots:
A functions of the roots a, B, vy ....... of an equation is called symmetric when interchanging any two roots in

it does not alter it. [A symmetric function is denoted by placing Y. sign before any term of the function.
If o, B, vy be the roots of a cubic equation’, then Yo =ap+yB+ay Y oa?=a?+p2+y?
Yo =a®+p2+v3  Tap?y? = ap?y? +Ba’y? + ya’p? etc. are symmetric functions of o, B, y
Similarly if o, B, v, 8 be the roots of quadratic equation; then
. Zazﬁ :aZ(B+y+6)+[32(oc+y+6)+y2(a+|3+6)+62(a+|3+y)
o Yo’= (Zoc)2 - 2208
. Z(xzﬁ =Ya 2op — 3apy
e Yoi=Yo. Yo —Ya’p.
o To’p’ = (Zap)’ - 20By.Ta
Ex1. If «, B,y are the roots of the cubic equation X +ac +bx+c= 0, then find the value of the following
symmetric functions.
(1) Xo* (2) Xo’p (3) 2o’
4) X o’p? (5) X o’y (6) X
Sol. a, P, y are the roots of the equation x> + ax* + bx +c =0
LxazZa+B+y=—a oafp=opf+Pyt+rya=b..... Q) apy=-c
(D) (@+B+y)°=("+p"+7) +2 (af + Py+ya) or (Zo)” = Yo + 2Xap
LYol = (o) —2Xap=(-a)’—-2b=a’-2b
(2) YaXoB=Yo’B+ 3apy
~Ya’B =Ya Yap - 3apy = (- a) (b) = 3(~c) =3c—ab
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@) (a+B+y) (@ +pP+yY) = (@ + B+ ) + (@’ + ay’ + o’ + By + yo’ + 4B
or, Ya Yol =Ya® +Ya? B Yo’ = Yo. Ya? - Yo’B = (- a) (a® — 2b) — (3c — ab)
=3ab-a®*-3c

@) (aB + By +y0)” = o’B? + B +1%0%) + 2 aPy(a + B + ) or, (ZaB)’ = To® B + 2aBy. Ta
= Yo’B? = (Zap)’ — 2apy.Yo = b’ = 2 (= ¢) (- a) = b* — 2ac.

(5)  Xo’ By =o’ By +yop’+1*ap = aPy (@ + B +y) = (-c) (-a) = ac.

6) (0 + B +v) = (a + B+ + 2% BT+ BT+ v o) or, (o) = Tot + 2a7p°
= (@® - 2b)? — 2(b” — 2ac) [from(1) and (4)] = (a* + 4b® — 4a’b) = (2b? — 4ac)
=a* + 2b% + 4ac — 4a°b.

Synthetic Division:

This method is used to find the remainder & quatient when a polynomial is divided by (X — o)
For example: Let f(x) = 5 x* + 3x*> — 2x* + 4x + 7 we want to divide it by (x — 2), write down of
coefficients of powers of x as

Putx —2=0 x* ¢ X X 7
»X=2 5 3 -2 4 7
—
2 ),;LO ~ 26 /'48 x 104
2x |5 13 24 52 111
x3 X X Constant Reminder

o 5x*+13x% —2x2 +4x+7
(x-2)

= Put(x—a)i.e.x-=2=0,x=2

Write down the coefficient of x in.order of their descending power as shown above

Note down the coefficient of highest power as it and then multiply it by a i.e. 2., and add to the

next degree coefficient and so on.

111

S :5x3+13x2+24x+52+—2
X_

Uy

www.TCYonline.com Page : 7



